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1. INTRODUCTION
Let E be an elliptic curve, defined over the complex numbers C, having
complex multiplication by an order of an imaginary quadratic field K. The
j-invariant j(E) of the elliptic curve E which is called singular invariant
is an algebraic integer and generates a ring class field of K. In [9, 2],
formulae concerning the factorization of the difference of singular moduli
have been given.
Dorman took up the analogous problem on rational function field over
finite fields and gave a formula of the prime decomposition of the singular
invariant associated to rank two Drinfeld modules with complex multi-
plication in [3]. The result in [3] is given under the assumption that the
function field has odd characteristic.
In this paper we assume the characteristic is even and give a formula
(Theorem 4.1) of the factorization of the j-invariant of rank two Drinfeld mo-
dule with complex multiplication. The signs of these j-invariants are also deter-
mined completely. Some interesting examples are computed in the last section.
2. PRELIMINARY
For the convenience of our discussion we briefly recall, without proofs,
some facts about quadratic extensions and quaternion algebras in the
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case of characteristic two. The basic references in this section are
[10, 11, 13].
2.1. Quadratic extensionsArtinSchreier Theory
Let k=Fq(T ) be the rational function field over the finite field Fq where
q=2m is a power of 2. Let K=k(:) be a separable imaginary quadratic
extension over k. We may choose : so that it satisfies a quadratic equation
:2+:=(D1 D2) where D1 , D2 are relatively prime elements in Fq[T].
Moreover, we may normalize the equation so that D2=>i Peii with all the
exponents ei odd. Define the function sgn: Fq[T]"[0]  F_q by sgn( f ) the
leading coefficient of f. Put sgn(0)=0 and extend the definition to k by
defining sgn( f g)=sgn( f )sgn(g), f, g # Fq[T]. By an imaginary quadratic
extension of k we mean that either deg(D1)&deg(D2) is a positive odd
integer or deg(D1)=deg(D2) with sgn(D1 D2){!2+! for some ! # Fq .
The following notations are fixed throughout this paper.
A=Fq[T],
Mk=set of places of k,
G= ‘
Pi | D2
P (ei+1)2i ,
Q= ‘
Pi | D2
Pi .
For any ideal a of A we’ll let deg(a) denote the degree of any generator
of a. The ring of integers OK of K has integral basis [1, G:]. Put |=G:
so that | satisfies the integral quadratic equation |2+G|=QD1 .
Proposition 2.1. Let K, OK be as above and let P be a monic irreducible
polynomial in A.
(i) If P |3 D2 and x2+x#(D1 D2)(mod P) is solvable in A then
(P)=PP$ in OK where P, P$ are prime ideals of OK .
(ii) if P |3 D2 and x2+x#(D1 D2)(mod P) is not solvable in A then
(P) remains prime in OK .
(iii) If P | D2 then (P)=P2 in OK with P a prime ideal of OK .
Recall also the definition of Hasse symbol [10] below.
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Definition 1. Let a # A and let P # A be a monic irreducible polynomial.
The Hasse symbol is defined by
{aP=={
0
1
if x2+x#a (mod P) is solvable in A,
if x2+x#a (mod P) is unsolvable in A.
The values of the symbol are considered as elements of F2 .
For any a, b # k with b{0 and v # Mk set
0 if the equation x2+xy+ay2+bz2=0
[a, b)v={ has nontrivial solution in k3v ,1 otherwise.
Again the values of the symbol are considered as elements of F2 . The basic
properties of the symbol [a, b)v and its relationship with the Hasse symbol
are the following, Cf. [11, pp. 215] and [10].
Proposition 2.2. For a, b # k with b{0 and v # Mk , we have,
(i) [a, b)v=0 if and only if b is a norm in the extension kv(:)kv
where :2+:=a.
(ii) Let v be any place of k so that ordv(a)=ordv(b)=0. Then [a, b)v=0.
(iii) Let P # A be an irreducible polynomial and denote by vP the prime
corresponding to P. Then [a, P)vP=[
a
P] for a # A.
An important property of the symbol [a, b)v is the reciprocity law.
Proposition 2.3. Let a, b # k and b{0. Then v # Mk [a, b)v=0.
2.2. Quaternion Algebras
A quaternion algebra over a field F (of characteristic two) is a central
simple algebra of dimension 4 over F which is also a division algebra. Let
D be a central simple algebra over F of dimension 4. Then there exists a
field L which is quadratic and separable over F and an element % # F_ such
that
D=[m1+m2 u | m1 , m2 # L, u2=%].
Another useful representation which will be used in this paper is the
following:
D=[x+ yi+zj+wij | i2+i=a, j2=b, ij= j(i+1) x, y, z, w # F]
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where a, b are some elements in F and b{0. We’ll denote D by [a, b] in
the sequel. For any element l=x+ yi+zj+wij its reduced trace and the
reduced norm are
t(l )=y (1)
n(l )=x2+xy+ay2+(z2+zw+aw2) b. (2)
Remark 1. A central simple algebra D over F is a quaternion algebra
if and only if all the solution of the equation x2+xy+ay2+bz2=0 in F 3
is the trivial solution.
Recall that a quaternion algebra D over a global field F is ramified at a
place v of F if and only if DFv is the quaternion algebra over Fv . By
the remark above and the definition of the symbol [a, b)v we have the
following
Proposition 2.4. Let a, b # A and assume that D=[a, b] is a quaternion
algebra over k. Then D is ramified at the place v # Mk if and only if [a, b)v=1.
3. COMPLEX MULTIPLICATION IN CHARACTERISTIC TWO
Let k denote the completion of k at the infinite prime =(1T ) and
let C be the completion of the algebraic closure of k . Denote the
Drinfeld upper half plane by H=C "k . Let { # H be such that it satisfies
an irreducible quadratic equation a{2+b{+c=0 with a, b, c # A. Then {
lies in an imaginary quadratic field K over k. Consider 4{=[1, {] the
lattice generated by 1, { over A. By [4], such lattice 4{ corresponds to a
rank two Drinfeld module over C . A rank two Drinfeld module over C
is determined by
,T (X)=TX+ gXq+2Xq
2
for some g= g({), 2=2({) # C . The j-invariant is defined by j= gq+12
which is a function on GL(2, A)"H. Put
O({)=[: # C | :4{ 4{].
Then O({)=[1, a{] is an order contained in K. Just as the situation in the
theory of complex multiplication of elliptic curves, the j-invariant j({)= j(4{)
of the Drinfeld module is algebraic over k and even integral over A [7].
Moreover, the field K( j({)) is the ring class field of O({) which splits completely
over the infinite place of O({). In this paper we consider the case that O({)
is the maximal order OK of K. For simplicity, we will call a rank two
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Drinfeld module a Drinfeld module in the sequel. In order that O({)=OK
it is necessary and sufficient that the following conditions hold:
{b=Gf 2+Gf +ac=QD1
gcd(a, G, c)=1
for some f # A.
(3)
Remark 2. In the case of odd characteristic, if { satisfies the quadratic
equation as above then O({)=OK if and only if b2&4ac=dK the fundamental
discriminant and the fundamental discriminant determines K uniquely. This
is no longer true in the case of even characteristic. If the characteristic is
even then ramifications are wild and there are infinitely many quadratic
extensions with prescribed ramification at finite primes of k. Thus for fixed
D2 there exist infinitely many imaginary quadratic extensions whose norma-
lized equation have the same D2 . This is why we need two equations with G, Q
and D1 appeared in (3) in order to have { such that O({)=OK .
In the following we will assume that { satisfies condition (3) and denote
by [{] the ideal class of K represented by the fractional ideal [1, {]. The
j-invariant [ j({$) | [{$] runs through all ideal classes] are all conjugate
over K.
Let W be a discrete valuation ring which is complete with respect to a
discrete valuation & and that A is contained in W. Assume further that the
residue field is algebraically closed. Let + be a uniformizer of W and the
valuation is normalized so that &(+)=1. Consider two Drinfeld modules ,, ,$
over W having good reduction modulo + with j-invariants j= j(,), j $= j(,$).
Note that ,, ,$ are unique up to W-isomorphisms since the residue field of
W is algebraically closed. Denote by Autn(,) the group of automorphisms
of , over W+nW and Ison(,, ,$) the set of isomorphisms of ,, ,$ over
W+nW. As in the case of elliptic curves ([9]), we are interested in computing
the valuation of the difference of the two j-invariants.
The assertion listed below (Theorem 3.1) can be found in [3]. The proof
given in [3] works as well in the case of even characteristic. Therefore we
omit the proof.
Theorem 3.1.
&( j& j $)=
1
q&1
:
n1
Card[Ison(,, ,$)].
Consider .0 a Drinfeld module over W+nW and let :0 be an endomorphism
of .0 over W+nW. Assume that the subring A[:0]Endn(.0), as an
A-module, is of rank two and is integrally closed in its quotient field. Suppose
that :0 induces multiplication by w0 on Lie(.0) and let X 2+tX+n with
t, n # A be the minimal polynomial of w0 . For the pair (.0 , :0) to have a
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unique lifting to (., :) over W it is necessary and sufficient that there exists
a w # W satisfying conditions
{w#w0 (mod +
n),
w2+tw+n=0.
(4)
Theorem 3.2. Suppose there is an element w satisfying (4). Then there
exists a Drinfeld module . defined over W and an endomorphism : of . such
that
(a) (., :)#(.0 , :0)(mod +n)
(b) : induces multiplication by w on Lie(.).
Moreover, (., :) is unique up to W-isomorphisms.
Proof. See [3, 9]. K
4. FACTORIZATION OF SINGULAR MODULI
Given (D1 , D2) which are not all constant and satisfy the conditions
specified in Section 2 so that K=k(:) with :2+:=D1 D2 is a separable
imaginary quadratic extension over k. The notations in this section are the
same as they are in Section 2 and 3. We let s be such that OK=A[s]. Let
t, n # A denote the trace and norm of s. By condition (3) (see Section 3),
we have
{ t=Gf 2+Gf+n=QD1
gcd(G, n)=1
for some f # A.
(5)
Consider the product
J(D1 D2)=‘
[{]
j({) (6)
where [{] runs through all the ideal classes of K. Then J(D1D2) is the
norm of j({) and moreover J(D1 D2) # A if K is separable over k and
J(D1 D2)2 # A otherwise. The purpose of this paper is to give a formula of
the prime decomposition of J(D1 D2).
Let H=Fq2(T ) be the constant field extension of k and fix any element
= of Fq which is not of the form !2+!, ! # Fq . Choose any i # H such that
i2+i== and OH=Fq2[T]=A[i]. Then H has class number 1 and there is
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a unique Drinfeld module \, up to H-isomorphisms, with complex multi-
plication by OH . The Drinfeld module \ is given by
\T (X )=TX+Xq
2
with j-invariant j(\)=0. We shall use the same strategy as in [3] to write
J(D1 D2) as
J(D1 D2)=‘
[{]
( j({)& j(\)).
This reduces the problem into counting the number of isomorphisms between
Drinfeld modules.
Let a be an ideal of A with prime decomposition
a=‘
i
pdii ‘
j
qujj
where pi s are prime ideals of even degree and qj s are ideals of odd degree
of A. Define the function R(a) as follows:
R(a)={> (di+1)0
if all the uj are even,
otherwise.
(7)
Note that R(a)=0 if the degree of a is odd.
Theorem 4.1. Let p be a non-zero prime ideal of A and let ? be a generator
for p. Then
(1) If deg(p) is even, then ordp J(D1 D2)=0.
(2) If deg(p) is odd, then
ordp J(D1D2)=
q+1
2
:
m # A
:
n1
R \m
2+Gm+=G2+QD1
?2n&1 + .
Remark 3. (1) Note in formula (2), if m # A is any element which has
contribution to the sum then m+G also contributes to the sum. Therefore
the sum always yields an even integer.
(2) In formula (2), if deg(m2)>deg(QD1)deg(QD2)=deg(G2) then
m2+Gm+=G2+QD1 has even degree. While ? has odd degree it follows
deg(m2+Gm+=G2+QD1)&deg(?2n&1) is odd. Therefore
R \m
2+Gm+=G2+QD1
?2n&1 +=0
if deg(m2)>deg(QD1).
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Fix a prime ideal p of A which is generated by ? # A and let v be a finite
prime of H which lies above p. Denote by B the completion of the maximal
unramified extension of the v-integers of H and put W=B[s]. Let e be the
ramification index of W over B and + a uniformizer of W. Let . denote a
Drinfeld module defined over W equipped with complex multiplication by
A[s] and having j-invariant j(.)= j({). As argued in [3], we have
ordv J(D1 D2)=
1
e(q&1)
:
[{]
:
n1
Card[Ison(\, .)] (8)
by Theorem 3.1. This is reduced to counting the cardinality of the set
Sn, v=[:0 # Endn(\): :20+G:0=n,
:0 induces multiplication by s on Lie(\)]
and by Theorem 3.2, Eq. (8) becomes
ordv J(D1 D2)=
1
e
:
n1
Card Sn, v . (9)
Proof of Theorem 4.1. (1) Suppose the degree of p is even, that is, p
splits in H. In this case, \ has ordinary reduction at p and Endn(\)=OH
for all n1. If there was any solution of the equation X 2+tX+n=0 in OH
with t, n satisfying (5), we denote by s=m1+m2 i to be such a solution,
where m1 , m2 are elements in A. By examining the ramification of the finite
places of k and by Proposition 2.1, we must have m2=t=G=1. Let f be
any solution to Eq. (5). Then (m1+ f )2+(m1+ f )+==D1 . On the other
hand, we have deg(D1) odd since K is imaginary quadratic over k. By
comparing degrees we conclude that the solution does not exist. Therefore
ordv J(D1 D2)=0 in this case.
(2) Suppose now deg(p) is odd, then p is inert in H. It follows that
\ has supersingular reduction modulo + with End1(\) being isomorphic to
a maximal order in the quaternion algebra D over k which is ramified at
p and .
Now [=, ?)v=0 for finite place v{p and [=, ?)p =[ =p]=1 by
Proposition 2.2. It follows that, by Corollary 2.4 and Proposition 2.3,
D=[=, ?] is the quaternion algebra. Assume p|%D2 then p is not ramified
in K and e=1. Let
R=End1(\)=OH+OH j, with j2=?
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then Endn(\)=OH+?n&1R by [8] (see also [3, Lemma 5.8]). Let :0=m1
+m2 j # Endn(\) with m1 , m2 # OH be such that :0 # Sn, v . Then m2=?n&1l,
l # OH and
t(:0)=T(m1)=G, (10)
n(:0)=N(m1)+?2n&1N(l )=n (11)
where T( } ), N( } ) are the trace and norm map respectively from H to k.
Write m1= f1+Gi then we have the norm equation
f 21+ f1 G+=G
2+?2n&1N(l )=n (12)
Cf. Eq. (2). Replacing f1 by f1+ f with f any solution in Eq. (5), the norm
equation has the following form
?2n&1N(l )=QD1+=G2+Gy+ y2.
To count the cardinality of Sn, v we are led to count the solution of this
equation. Consider the set of equation N(*)=1 of elements in H with
norm 1. It’s well known that there are q+1 solutions. If l is any solution
to Eq. (12) then *l is also a solution to (12). In order that there exists an
:0 satisfying the norm equation it is equivalent to having a polynomial
m # A such that the quotient (QD1+=G2+Gm+m2)?2n&1 is a norm of
some element l # OH . The number of solutions to (12) is exactly (q+1) R(m2+
Gm+=G2+QD1?2n&1). On the other hand, if :0 is any solution to norm
Eq. (11) then :0+Gi is also a solution. Only one of :0 , :0+Gi can induce
multiplication by s on Lie(\). Thus the cardinality of Sn, v is half of (q+1)
R(m2+Gm+=G2+QD1 ?2n&1) and therefore the formula follows.
If p | D2 then p is ramified in K. The norm equation is the same and that
the ramification index e=2. Since p is ramified in K if :0 is a solution to
the norm equation and induces multiplication by s on Lie(\) then :0+Gi
also has such property. Therefore the cardinality of Sn, v is equal to the
number of solutions to the norm equation. Hence,
ordv J(D1 D2)=
1
e
:
n1
Card Sn, v
=
q+1
2
:
m # A
:
n1
R \m
2+Gm+=G2+QD1
?2n&1 + . K
In fact, the exponent 2n&1 of ? in the proof can only be 1 if p | D2 , for the
details see [3, 9].
Corollary 4.2. If ? | J(D1 D2), then deg(?)deg(QD1).
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Note that deg(QD1)2g+2 where g is the genus of the smooth curve C
over Fq whose function field is K.
5. DETERMINING THE SIGNS
In the case of odd characteristic, the signs of singular moduli have been
determined in [1] by Brown. Some special cases, in both even and odd
characteristic, have also been studied by Dummit and Hayes in [6]. In this
section we apply Brown’s method to determine the signs of all singular
moduli in the case of even characteristic. With results of previous and this
section, J(D1 D2) can be determined completely.
Let k , C be defined as in Section 3. The map deg : A"[0]  Z has a
unique extension to deg: k  Z _ [&]. We’ll also use the same notation
deg to denote the extension deg: C  Q _ [&]. The induced absolute
value is denoted by |z|=qdeg(z) for all z in C .
Up to isomorphisms over C the rank one Drinfeld module is given by
the Carlitz module over k which is determined by
.T (X )=TX+X q.
The exponential map of the Carlitz module over k is
eC(z)=z ‘
*{0
* # ? A
(1+z*)
where ? =[1]1(q&1) >i=1 (1+[i][i+1]) with [i]=T
qi+T. Put
w(z)=eC(? z)&1.
Then w(z) is the analogue for Drinfeld modular forms of the parameter
exp(2?iz) for modular forms over complex numbers.
Definition 2. Let z # H. The A-modulus |z|A of z is
|z|A = inf
a # A
|z+a|.
To determine the sign of singular j-invariants, one looks at the expansion
of the j-invariants in terms of the function w(z). Brown gave the estimates
in [1] which is suitable for determining the signs of the j-invariants. We
simply list the formulae we need in this paper without stating the full
statement. For the interested reader see [1, Lemma 2.6.1 and 2.6.9]. In the
sequel we assume that z # H.
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(1) Suppose z is normalized under the action of GL(2, A) such that
|z|=|z|A . Put n=Wmax(deg(z), 0)X , where WxX is the least integer that is
greater than or equal to x, then
w(z)=(? zT n)&qn (1+(zT n)q&1)&q n (1+‘) (13)
for some ‘ # C such that |‘|<1.
(2) Set R=[{ # H; |{|A >q&1].
(a) If z # R, then
j(z)=w(z)&(q&1) (1+T qw(z)q&1+‘)q+1. (14)
for some ‘ # C with |‘|<max(1, |T qw(z)q&1|).
(b) If u # Fq2 "Fq and z # R satisfy |z+u|q&1, then
j(z)=T qu&2(1+uq&1)&2 (z+u)q+1 (1+‘). (15)
for some ‘ # C with |‘|<1.
The following Lemma can be easily established as in the classical situation
of quadratic number fields. We therefore omit the proof.
Lemma 5.1. Let F be an imaginary quadratic field over k and let a be an
invertible O-ideal for an order O in F with conductor f # A. Then a is an
O-module isomorphic to a rank two A-lattice 4z=[1, z] in C such that z
has the following properties:
(1) If F is separable over k then z=(R+b:)a where :2+:=D1 D2
and a, b, R # A. The minimal polynomial for z is aX2+bX+c with a, b
monic and b= fG. Moreover, |R|<|a||c| and |ac|=| f 2D1 Q|.
(2) If F is inseparable over k then z=(R+ f:)a where :2=T. The
minimal polynomial for z is aX2+c with |R|<|a|| f - T | and |ac|=| f 2T |.
We’ll call z reduced if it is of the form given in Lemma 5.1.
Theorem 5.2. Let j= j(z) be a singular modulus associated with an
order O in K which is separable over k, where z # H with |z|1. Put n=
Wmax(deg(z), 0)X0. Then there is ‘ # C with |‘|<1 such that
(a) if deg(D1)>deg(D2) then
j=T (qn2)(q+1)(1+‘);
(b) if deg(D1)=deg(D2) and n>0 then
j=T qn+1(1+‘);
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(c) if deg(D1)=deg(D2) and n=0 then there is an element u # Fq2 "Fq
such that |z+u|q&1 and
j=T q(z+u)q+1 (1+‘).
Remark 4. Observe that if z is separable over k the sign of j is always
in Fq in both cases of odd and even characteristic (cf. [1, Theorem 2.8 2]).
This follows from the fact that j is in k and in k the constant field is
just Fq . As for the case that z is inseparable over k we treated it separately,
see Proposition 5.3.
Proof of the Theorem. We may take z to be reduced so that z is of the
form
z=
R+b:
:
, b= fG
as given in Lemma 5.1. Put $=b: and z$=$a then
$2+b$= f 2QD1 , (16)
|z|>|z+z$|. (17)
As a result of (17), z is equal to its A-modulus and
w(z)=(? z$T n)&qn (1+(z$T n)q&1)&q n (1+‘1) (18)
for some ‘1 # C with |‘1 |<1 by (13). Choose of a uniformizer % of k(z)
so that 1T=%=(1+‘2) of |‘2 |<1 where ==&2 or &1 depending on
whether or not the infinite prime  is ramified in k(z). Then we may
write $=u%= deg($)(1+‘3) with |‘3 |<1 where u=sgn($) # Fq2 is uniquely
determined by $.
Suppose that deg(D1)>deg(D2) then deg($)=deg(b:)>0. It follows
that u2=sgn(D1) and u # Fq . Since deg(D1)&deg(D2) is odd we have
deg(z$)=n&12 and |z$T n|<1. Therefore,
w(z)q&1=uqn(q&1)%=(&qn2)(q+1)(1+‘4), |‘4 |<1,
=uq n(q&1)T (&qn2)(q+1)(1+‘5), |‘5 |<1.
Part (a) of this theorem follows from (14) and the fact that uq&1=1.
Suppose now deg(D1)=deg(D2) then deg(:)=0 and deg(z$)=n is an
integer. We have z$=uT n(1+!) with |!|<1 and u # Fq 2 "Fq satisfying the
equation u2+u=sgn(D1). If n>0 then we have
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w(z)q&1=(uq&1)&qn ((1+uq&1)q&1)&q n (1+‘6), T &q
n+1
=T &qn+1(1+‘6), where |‘6 |<1.
Now (b) follows.
If n=0. Then z$=u(1+!) Since z=z$+Ra, z=u+‘7 where |‘7 |q&1.
By (15) we therefore have
j(z)=T qu&2(1+uq&1)&2 (z+u)q+1 (1+‘8)
=T q(z+u)q+1 (1+‘8) where |‘8 |<1.
This completes the proof. K
Proposition 5.3. Let K=k(- T) and let O be an order of K with conductor
f so that O=[1, f - T] as an A-module. Let j= j(z) be a singular modulus
associated with O. Set n=Wmax(deg(z), 0)X0. Then there is ‘ # H with
|‘|<1 such that
j=T (qn2)(q+1)(1+‘).
Proof. We may assume z # H reduced and it has the form
z=
R+ f - T
a
, |R|<|a|| f - T |,
by Lemma 5.1. Put $= f - T and z$=$a as in Theorem 5.2 then
$2=f 2T (19)
|z|>|z+z$|. (20)
Since deg( f 2T ) is odd we have deg(z)=n&12 and |z$T n|<1 note that
the sign of $ is 1. We proceed as in case (a) of Theorem 5.2. We therefore
have:
w(z)q&1=T (&q n2)(q+1)(1+‘), |‘|<1
for some ‘ # C with |‘|<1. Now the assertion follows from (14). K
6. EXAMPLES
We consider examples in this section in the case that A=F2[T]. In
this case ==1. Notice that deg(m2)deg(QD1) and as remarked after
Theorem 4.1, we only need to check half of the polynomials m in the sum.
We’ll let K=k(s) for some imaginary quadratic element s. The quadratic
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equation satisfied by s may not be normalized as described in Section 2.
Since the equation can be easily normalized, we’ll skip the computation
of this part and give the corresponding G, Q (equivalently, D2) and D1
directly.
The following three examples whose corresponding Drinfeld modules
have been considered in [5]. We first compute the prime decompositions
of their j-invariants according to the formula derived in this paper and
compare the results with those of [5].
Example 6.1. Let s be such that s2+s=T 5+T. Then G=Q=1 and
D1=T 5+T. Since 2 deg(m)5 it follows deg(m)2.
m m2+Gm+G2+QD1
0 (T 2+T+1)(T 3+T 2+1)
T T 5+T 2+1
T 2 T 5+T 4+T 2+T+1
T 2+T (T 2+T+1)(T 3+T+1)
From the table we see that the possible divisors of J(D1 D2) are ?=T 2+
T+1, T 3+T+1, T 3+T 2+1, T 5+T 2+1 or T 5+T 4+T 2+T+1.
Suppose ?=T 2+T+1. Then ? occurred in the table as m=0, m=T 2+T
and ord? J(D1 D2)= 32[2R(T
3+T 2+1)+2R(T 3+T+1)]=0.
Suppose ?=T 3+T+1. Then ? occurred in the table as m=T 2+T and
ord? J(D1 D2)= 32 } 2R(T
2+T+1)=6.
Suppose ?=T 3+T 2+1. Then ? occurred in the table as m=0 and
ord? J(D1 D2)= 32 } 2R(T
2+T+1)=6.
Suppose ?=T 5+T 2+1. Then ? occurred in the table as m=T and
ord? J(D1 D2)= 32 } 2R(1)=3.
Suppose ?=T 5+T 4+T 2+T+1. Then ? occurred in the table as m=T 2
and ord? J(D1 D2)= 32 } 2R(1)=3.
The ring of integers, OK=F2[T, s], has class number 15. A Drinfeld module
with multiplication by OK is given by ,T (X)=TX+ gX2+X4. The equation
for g is:
g15+(T 4+T 2) g14+ } } } +(T 22+T 21+T 20+T 19+T 18+T 17+T 16+T 14
+T 13+T 11+T 9+T 8+T 6+T 4+T 2+T+1)=0
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see [5, curve C2]. Since j= g3 it follows the third power of the constant
term is J(D1 D2) and
J(D1 D2)=[(T 3+T+1)2 (T 3+T 2+1)2
_(T 5+T 2+1)(T 5+T 4+T 2+T+1)]3
which coincides with the result computed above.
Example 6.2. Let s be such that s2+T 2s+Ts+s=T 5+T. Then G=
Q=T 2+T+1 and D1=T 2(T+1). We have deg(?)5 and deg(m)2.
m m2+Gm+G2+QD1
0 (T 2+T+1)(T 3+T+1)
1 T 5+T 4+T 2+T+1
T T 5+T 4+T 3+T+1
T+1 T 5+T 4+T 3+T 2+1
The primes occurred in the table are ?=T 2+T+1, T 3+T+1, T 5+T 4
+T 2+T+1, T 5+T 4+T 3+T+1 and T 5+T 4+T 3+T 2+1. We compute
their multiplicities in the following:
Suppose ?=T 2+T+1. Then ? occurred in the table as m=0 and
ord? J(D1 D2)= 32[2R(T
3+T+1)]=0.
Suppose ?=T 3+T+1 then ? occurred in the table when m=0 and
ord? J(D1 D2)= 32[2R(T
2+T+1)]=6.
Suppose ?=T 5+T 4+T 2+T+1. Then ? occurred in the table as m=1
and ord? J(D1 D2)= 32 [2R(1)]=3.
Suppose ?=T 5+T 4+T 3+T+1. Then ? occurred in the table as
m=T and ord? J(D1 D2)= 32[2R(1)]=3.
Suppose ?=T 5+T 4+T 3+T 2+1. Then ? occurred in the table as
m=T+1 and ord? J(D1 D2)= 32 [2R(1)]=3.
The ring of integers, OK=F2[T, s], has class number 14. A Drinfeld module
,T (X )=TX+ gX 2+X4 which have multiplication by OK is determined by
the following equation:
g14+(T 4+T ) g13+ } } } +(T 21+T 20+T 19+T 18+T 15+T 14
+T 6+T 5+T 4+T 3+1)=0
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see [5, curve C17]. The prime decomposition of J(D1 D2) is
J(D1 D2)=[T 21+T 20+T 19+T 18+T 15+T 14+T 6+T 5+T 4+T 3+1]3
=[(T 3+T+1)2 (T 5+T 4+T 2+T+1)(T 5+T 4+T 3+T+1)
_(T 5+T 4+T 3+T 2+1)]3
which verifies the formula.
Example 6.3. Let s be such that s2+Ts=T 5+T 3+T 2+1. Then G=
Q=T and D1=(T+1)(T 3+T 2+1). Since 2 deg(m)deg(QD1)=5 it
follows deg(m)2. Then
m m2+Gm+G2+QD1
0 T(T 2+T+1)2
1 T 5+T 3+1
T 2 T(T 4+T 3+1)
T 2+1 (T 2+T+1)(T 3+T+1)
The primes occurred in the table are ?=T, T 2+T+1, T 3+T+1, T 4+
T 3+T+1 and T 5+T 3+1. Their multiplicities are computed in the
following:
Suppose ?=T. Then ? occurred in the table as m=0 and T 2, thus
ord? J(D1 D2)= 32 [2R((T
2+T+1)2)+2R(T 4+T 3+1)]
=3[(2+1)+(1+1)]=15.
Note that in this case, ? | D2 and is therefore ramified in K.
Suppose ?=T 2+T+1. Then ? occurred in the table as m=0 and
T 2+1, thus ord? J(D1 D2)= 32[2R(T(T
2+T+1))+2R(T 3+T+1)]=0.
Suppose ?=T 3+T+1. Then ? occurred in the table as m=T 2+1 and
ord? J(D1 D2)= 32[2R(T
2+T+1)]=6.
Suppose ?=T 4+T 3+T+1. Then ? occurred in the table as m=T 2
and ord? J(D1 D2)= 32[2R(T)]=0.
Suppose ?=T 5+T 3+1. Then ? occurred in the table as m=1 and
ord? J(D1 D2)= 32[2R(1)]=3.
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The ring of integers, OK=F2[T, s], has class number 10. A Drinfeld module
,T (X )=TX+ gX 2+X4 which have multiplication by OK is determined by
the following equation:
g10+(T 4+T ) g9+ } } } +(T 16+T 14+T 12+T 11+T 8+T 7+T 5)=0
see [5, curve C10]. The prime decomposition of J(D1 D2) is
J(D1 D2)=[T 16+T 14+T 12+T 11+T 8+T 7+T 5]3
=[T 5(T 3+T+1)2 (T 5+T 3+1)]3
which confirms the results computed above.
Example 6.4. Consider the extension K=k(s) with s2=T. This is the
unique inseparable quadratic extension over k which is not discussed in
Theorem 4.1. The class number of K is 1 and OK=Fq[s]. The correspond-
ing Drinfeld module . has supersingular reduction at every finite places of
K since every finite prime of k is ramified in K. There is only one j-invariant
with j(s) # OK and since K is inseparable over k, j(s) does not belong to k
but j(s)2 # A. We now proceed to compute the factorization of j(s). Let
p be a finite prime of k which is generated by ?. If deg(?) is even then
ordp j(s)2=0. Assume deg(?) is odd, any element :0=m1+m2 s in Sn, v
must satisfies the quadratic equation X2=T and
ordp j(s)2=2 }
3
2
:
m # A
:
n1
R \T+m
2
?2n&1 +
We have that 2 deg(m)1 and deg(?)1.
m m2+T
0 T
1 T+1
The only possible prime divisors are ?=T, T+1.
Suppose ?=T then ? occurred in the table when m=0 and ordp j(s)2=
3[R(1)]=3.
Suppose ?=T+1 then ? occurred in the table when m=1 and ordp j(s)2
=3[R(1)]=3.
The Drinfeld module with complex multiplication OK is given by
,T (X )=TX+(s+T ) X2+X4.
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The j-invariant is j(s)=[(s+T )]3 and
j(s)2=[T+T 2]3=T 3(T+1)3
which agrees with the result computed above.
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